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1. INTRODUCTION

It is important to understand investors’ behavior in the analysis of fi-
nancial market. Studies on consumption and investment problem of an
economic agent usually assume that her available investment opportunity
set is fixed throughout. However, it is not the case in practice that an
investor has the same available investment opportunities all the time. As
she gets richer, she is likely to find broader investment opportunities. For
example, when she has less than $10,000 available for investment, she can
usually invest only in banking accounts and mutual fund shares.! Mu-
tual fund shares will provide all necessary investment tools for both the
rich and the poor if a suitable form of the mutual fund separation theo-
rem is valid. But it is clear that not all the risky or riskless investments
in the global economy are covered by the existing array of mutual funds.
For instance, many limited partnerships are not covered by public mutual
funds. Furthermore, ordinary mutual funds are usually prohibited from
using modern investment techniques involving options, futures and other
derivative securities. When we are rich enough, however, we are not con-
strained by the opportunities offered by the mutual funds. we can invest in
limited partnerships, hedge funds — these funds are known to be aggres-
sive in employing modern investment techniques — and individual stocks
as well as banking accounts and mutual funds. There is also an explicit law
which prohibits small investors from trading some securities. In the U.S.,
the rule 144A stipulates that unregistered securities can be traded only by
qualified institutional investors. Therefore, even for institutional investors,
the investment opportunity gets better when they have more fund available
for investment.

In this paper we study a consumption and investment problem assum-
ing that an investor faces an enlarged investment opportunity set once her
wealth level touches a critical level. We derive the value function, optimal
consumption and investment rules in closed form under the assumption
that the investor’s preference can be represented by a time-separable von
Neumann-Morgenstern utility function. An interesting feature of the op-
timal rules is that, before touching the critical wealth level, the investor
consumes less and invests more aggressively in risky assets than she does
in the case where the investment opportunity set stays constant for all
levels of wealth. Hence, this paper shows how the optimal behavior of an
investor who expects a better investment opportunity when she becomes
rich is different from that of the other investor who does not have such an
expectation.

1We can still invest in individual stocks. But in such a case it is hard to have a
well-diversified portfolio.
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Previous research on consumption and investment problems were done
mostly under the assumption that the investment opportunity set does
not change. Merton [7] examined the continuous-time consumption in-
vestment problem for an individual whose income is generated by capital
gains on investment in assets with prices following the geometric Brown-
ian motion. He obtained explicit solutions for the optimal consumption
and portfolio rules under the assumption of a constant relative or absolute
risk aversion utility function. Merton [8] extended these results allowing
for more general utility functions, more general price behavior assumptions
and additional income generated from non-capital gains sources. Karatzas,
Lehoczky, and Shreve [3] studied a general consumption and investment
problem in which an agent seeks to maximize total expected discounted
utility of both consumption and terminal wealth in a finite time horizon.
Under general conditions on the nature of the market and on the utility
functions, it was shown that the problem can be solved by decomposing it
into two parts, maximizing utility of consumption and maximizing utility
of terminal wealth. In the case of a market model with constant coeffi-
cients, the optimal consumption and portfolio rules were derived explicitly
in feedback form on the current level of wealth. Karatzas and Wang [4]
studied a consumption and investment problem allowing the agent to stop
freely before or at a pre-specified terminal time, in order to maximize the
expected utility of her wealth and/or consumption up to the stopping time.
Karatzas, Lehoczky, Sethi, and Shreve [2] solved a general consumption and
investment problem in which an investor seeks to maximize total discounted
utility of consumption in an infinite time horizon. They determined the
value function, optimal consumption and investment policy explicitly un-
der the assumption that the price processes of risky assets follow geometric
Brownian motion, but allowing for a general utility function. This paper
is different from previous research in the sense that the investment oppor-
tunity set gets larger as the investor becomes rich enough.

The paper proceeds as follows. Section 2 sets up the consumption and
investment problem. Section 3 derives the properties of the optimal value
functions, optimal consumption and portfolio decisions under the assump-
tion that the investor’s preference can be represented by a time-separable
von Neumann-Morgenstern utility function. Some examples in the HARA
utility class are given in Section 4. Section 5 concludes and Appendix
contains proofs of all the results.

2. AN INVESTMENT PROBLEM

We consider a market in which there is a riskless asset and m + n risky
assets. We assume that the risk-free rate is a constant » > 0 and the price
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po(t) of the riskless asset follows a deterministic process

dpo(t) = po(t)rdt, po(0) = po.

The price p;(t) of the j-th risky asset, as in Karatzas, Lehoczky, Sethi, and
Shreve [2] and Merton [7], [8], follows geometric Brownian motion

m—+n
dp;j(t) = p;(t){a;dt + Z ojdwi(t)}, pj(0)=p;, j=1,...,m+n,
k=1
where w(t) = (w1 (t), ..., Wmin(t)) is a (m+n) dimensional standard Brow-
nian motion defined on the underlying probability space (Q,F, P). The
market parameters, o;’s and oj;’s for j,k =1,...,m + n, are assumed to

be constants. We assume that the matrix D = (o)

i 71 1s nonsingular, i.e.,
there is no redundant asset among the m +n risky assets. Hence ¥ = DDT
is positive definite. Let D,, denote the first m by m + n submatrix of D,
and ¥, = D,,, DT then ¥,, is the first m by m submatrix of ¥ and is also
positive definite.

The problem in this paper is different from an ordinary consumption and
investment problem in the following sense: let x; be the investor’s wealth
at time ¢ and T¢ the first time that her wealth reaches £. There exists a
critical wealth level z such that if time ¢ is less than T, then the investor
is restricted to invest only in the riskless asset and the first m risky assets,
but if t > T, then the investor can invest in all m +n + 1 assets.

The investor’s wealth process x;, 0 < t < 0o, evolves according to
dxy = (a—r1m+n)7rthtdt+(rxt—ct)dt—ka:tdewT(t), xo=2x >0, (1)

where ¢; is the consumption rate at time ¢, « = (aq, ..., Qmin) the row
vector of returns of risky assets, m; = (7r1,t, - 77r,,1+717t) the row vector
of fractions of wealth invested in the risky assets at time ¢, and 1,,4, =
(1,...,1) the row vector of m + n ones. The superscript T' denotes the
transpose of a matrix or vector. The investor faces a nonnegative wealth
constraint

xy >0, forallt>0 a.s. (2)

The controls are the consumption rate ¢ = ()52, and the vector pro-
cess m = (m)52,. The consumption rate process (¢;)52, is a nonnegative
process adapted to (F3)2,, the augmentation under P of the natural filtra-
tion generated by the standard Brownian motion (w(¢))$2,, and satisfies
fg csds < oo, for all t > 0, a.s.

Let T'(w) = sup{t > 0: fg 727l ds < oo}. Then we require that T(7) =
oo or Ty < T'(m) or limypery 2¢ = 0 so that the stochastic differential
equation (1) has a unique strong solution.
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As described above, the investor faces the restriction

Tm+1,t = " = Tm4n,t = Oa (3)

for t < T,. We define an admissible set A(x) by the set of control processes
satisfying the above conditions with g = z. The investor wishes to choose
(c,m) € A(x) to maximize the expected total reward

Vie,r)(r) = EI/O exp (—Ft)U(cy)dt

for 0 < x = x¢ < z, where E, denotes the expectation operator condi-
tioned on zy = z, the function U, called a utility function, is real-valued
on (0,00) and B > 0 is a discount rate. We assume that U is strictly in-
creasing, strictly concave and three times continuously differentiable. We
also assume that lim._.., U’(¢) = 0. For later use, we let I(-) be the inverse
function of U’ ().

We let

V¥(x) = sup {Vie,m) (@) : (¢, m) € A(z)} (4)

be the optimal expected reward or the optimal value at wealth z. Put

k1= —(@—rl,)S @ —r1,)T,

where 1,,, is the row vector of m ones and & denotes the m dimensional
row vector consisting of the first m components of a. If we assume that
k1 > 0, then the quadratic equation of A

KN —(r—B—Kk)A—7r=0 (5)

has two distinct solutions A\_ < —1 and Ay > 0. When the investment
opportunity set consists constantly of the one riskless asset and the first m
risky assets, i.e. when mp, 414 =-++ = Tyyn, = 0 for all £ > 0, the optimal
value at z, say V,,(z), is finite and attainable by a strategy for all z > 0,
as is shown in Karatzas, Lehoczky, Sethi, and Shreve [2], if it is assumed

that
> do
| @y <> ©)

for all ¢ > 0. If the utility function is given by U(c) = ‘11:; , 0<~vy#1for
¢ > 0, condition (6) is equivalent to —yA_ > 1, which is again equivalent

to

K1 >0, (7)
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where

-7 -1
5 + 77”1, (8)

since A_ is the negative solution of the equation (5). This condition (7) is
equivalent to condition (40) in Merton [7]. If the utility function is given
by U(c) = loge or U(c) = —exp(—ac), a > 0 for ¢ > 0, condition (6) is
automatically satisfied. Similarly, put

Ko = — (= 11in) Y Ha = r1pgn)?.

If k1 > 0, then k2 > 0 and the quadratic equation of n
kon? —(r—fB—ro)p—1=0 (9)

has two distinct solutions - < —1 and n4 > 0. When the investment
opportunity set consists constantly of all the m + n + 1 assets, i.e. when
the constraint (3) is not imposed, the optimal value at x, say V,,1n(z), is
finite and attainable by a strategy for all x > 0 if it is assumed that

o0 do
/ CAG) (10)

for all ¢ > 0. If the utility function is given by U(c) = 011%, 0<~v#1for
¢ > 0, condition (10) is equivalent to —yn_ > 1, which is again equivalent

to
Ky >0, (11)

where

B—r ~y-—-1

Ko=r+ + 772 K2, (12)

since n_ is the negative solution of the equation (9). This condition (11)
is also equivalent to condition (40) in Merton [7]. If the utility function is
given by U(c) = logc or U(c) = —exp(—ac), a > 0 for ¢ > 0, condition
(10) is automatically satisfied. Thus, we assume

ASSUMPTION 1.
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for all ¢ >0, and

o0 do
/ GO (15)

for all ¢ > 0.

It is obvious that the optimal value at wealth z with the investment
opportunity set consisting constantly of all the m+n+1 assets is larger than
or equal to that with the investment opportunity set consisting constantly
of the one riskless asset and the first m risky assets. That is, Vi,4n(2) >
Vin(z). However, if V10 (2) = Vp,(2), then the optimal value at wealth
before touching the critical level z is the same as that of the case where the
investment opportunity set consists constantly of the one riskless asset and
the first m risky assets and it is attainable with the same strategy. (See
Karatzas, Lehoczky, Sethi and Shreve [2].) Therefore we consider only the
case

Vinan(2) > Vin(2), (16)

which implies that the investment opportunity set consisting constantly of
all the m +n + 1 assets is better than that of the one riskless asset and the
first m risky assets for the investor’s optimal performance.

3. OPTIMAL POLICIES AND THEIR PROPERTIES

In this section we state optimal policies and value functions with general
utility function class. We also propose properties of the optimal policies
compared to the case when the investment opportunity set consists con-
stantly of the one riskless asset and the first m risky assets. Proofs for all
the assertions and statements in this section are deferred to Appendix.

For optimal policies and the value function, we first consider the case
when U’(0) = oo: For B > 0, define

X(e;B) = B(U'(e))* + Xo(c) (17)

for ¢ > 0, where

o« 1 U () [ db
Xole) = F_m(MfA_){ /0 Ol

VP[> o
ey Yo (18)
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Then, X’(¢; B) > 0 for all ¢ > 0 and X (; B) maps [0, 00) onto itself if we
let X(0) = lim.jo X (c). Let C(; B) be the inverse function of X (-; B) and
let Cy = C(-;0), that is, Cy is the inverse function of X,. For A > 0, we

also define

J(e; A) = A(U'(¢))P~ + Jo(c) (19)
for ¢ > 0 , where
Ul 1 U'(e)P+ ¢ do
ne) = P e | U@y
(U'(e))P- [ db
w2 | e 20

where p; =1+ A4 and p— = 1+ A_. If the investment opportunity set
consists constantly of the one riskless asset and the first m risky assets,
then as is shown in Karatzas, Lehoczky, Sethi and Shreve [2], the optimal
value at = becomes

Vm(x) = JO(CO(J:))) (21)

for x > 0 and an optimal strategy is given by

Vi (@t)

W(@ —rl,,)% ! (22)

m

ct = Co(xy), 7=

for ¢ > 0 where 7; denote the vector of fractions of wealth invested in the
first m risky assets at time ¢. Define

_ o 1 {U'(e))™ [€ de
Aminle) =5 f%z(m—n—){ . /0 @)
W) [~ o
+E2 | @8)
for ¢ > 0. Then, X ., (c) > 0 for all ¢ > 0 and X,,1,,(-) maps [0,00)

onto itself if we let X,;,4,,(0) = limejo X410 (c). Let Cppn(+) be the inverse
function of X1, (-). We also define

Ul 1 (U (e (¢ db
Jm+n(c) - ﬂ H2(p+ — P—) vy /0 (U’(@))ﬂJr
(U'(e))- [ do
S .

where vy =14 +1 and v = n_ 4+ 1. Similarly to above, if the investment
opportunity set consists constantly of all the m + n + 1 assets, then the
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optimal value at x becomes

Vinin (@) = Jmsn(Crgn(2)), (25)
for z > 0 and an optimal strategy is given by

Vr/n+n (xt)

ALV PN TR sl 2%
_xtV#_Fn(zt)( +) ( )

Ct = Cm+n(mt)a T =

for t > 0. Let S be the (m + n) dimensional row vector the first m compo-
nents of which are equal to those of (& — r1,,)3,,! and the rest are equal
to zero. With a B > 0, whose determination is shown in Appendix A.1, we

state the following theorem.

THEOREM 1. Suppose that U'(0) = co. Then, the value function is given
by

. WA
V*(x) = J(C(x; B); p*B) (27)
for 0 < x =z9 < z, and an optimal policy is given by
A V¥ ()

Ct (xt? )7 Trt _xtv*//(xt) ( )

for 0 <t < T., where B > 0 is given in Appendiz A.1, and

Vi (@)

¢t = Conan (), 7= —2E2Y (0 — p1,00)8 7t 29
t + ( t) t *Itv;;;_i_n(l't)( + ) ( )

fort > T,, where Vi in(+) is given by (25).
Now we consider the case where U’(0) is finite: Recall that I : (0,U’(0)] —

[0,00) is the inverse of U’ : [0,00) — (0,U’(0)]. We extend I by setting

I=0on [U'(0),00). Define for B> 0,4 >0,
X(y; B) = By + Xo(y), (30)

where




436 SUNGSUB CHOI ET AL

and
Ty A) = Ay~ + Toly), (32)
where
o) = LUW)

- ; ﬂ I(y) L ﬁ d L
k1(pr — p-) L+ /0 @@ " om Ji (U’(Q)V‘] 9

for y > 0. Then X(-; B) is strictly decreasing, maps (0, 00) onto (0,00)
and has an inverse Y(+; B) : (0,00) — (0,00). Let Yo(-) = Y(-;0). That
is, Yo(+) is the inverse function of Xy(-). If the investment opportunity set
consists constantly of the one riskless asset and the first m risky assets,
then as is shown in Karatzas, Lehoczky, Sethi and Shreve [2], the optimal
value at x becomes

Vin(x) = Jo(Vo()), (34)
for x > 0, and an optimal strategy is given by

Vin (1)

e =IVa(@), ®=— s

(@ —71,)% 0 (35)

for ¢ > 0. Define

Xm-‘rn (y) = y

B 1 A R Y- [ df
k2N —1-) [m /0 @O 1 i (U’(9))”]

Then, Xy, 4n(+) is strictly decreasing, maps (0, 00) onto itself and has an
inverse function YV, 1,(-). We also define

U(I(y))
B

yz/+ I(y) L yl,_ 00 L
Y+ /o @@y v /z<y) (U’(H))”] 0

for y > 0. Similarly to the above, if the investment opportunity set consists
constantly of all the m +n + 1 assets, then the optimal value at x becomes

Tmtn (y> =

1

ko(vy —v_)

Vinan (@) = Tnin (Vman (), (37)
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for £ > 0 and an optimal strategy is given by

V'rer—n (xt)

T p1,,0)0 7, (38
_mtVrZJrn(xt)(a TLm+ ) ( )

Ct = I(VT:L—Fn(xt))? Tt =

for t > 0. With a B > 0, whose determination is shown in Appendix B, we
state the following theorem.

THEOREM 2. Suppose that U'(0) < co. Then, the value function is given
by

. N
V*(x) = J(V(x; B); pr) (39)
for 0 < x =z < z, and an optimal policy is given by
V' (x
e =1V (xy)), m = #S (40)
—$tV (xt)

for 0 <t <T,, where B >0 is giwen in Appendiz B, and

V) (x
Ct = I(V'r;’b—i-n(xt))a Tt = %M

a—711lyyn)S7L, 41
—x m.t,_n(mt)( + ) ( )

fort > T,, where Vi1 (+) is given by (37).

The following two propositions illustrate effects of the change of the in-
vestment opportunity set on optimal consumption and portfolio decisions.
An interesting property is that the investor consumes less if the investor
expects a better investment opportunity when she becomes rich than she
does if she does not have such an expectation. Intuitively, she tries to accu-
mulate her wealth fast enough to exploit a better investment opportunity
and sacrifices her current consumption. Proposition 1 states this property.

PRrROPOSITION 1. When U’(0) = oo,
C(w; B) < Col(w) (42)
for 0 <z < z, where C(x; B) is given in Theorem 1 and Co(z) in (22).
When U'(0) < oo, if Xo(U'(0)) < z then

IV (z)) = I(V;,(2)) = 0 (43)
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for x < Xy(U'(0)), and
IV () < 1(Vy, (@) (44)

for Xo(U'(0)) < & < z, where I(V*'(z)) is given in Theorem 2 and I(V,!,(z))
in (35).

The investor tends to take more risk and thereby tries to increase ex-
pected growth rate of her wealth when she expects a better investment
opportunity at the critical wealth level. This is summarized in Proposition
2.

PROPOSITION 2. 7‘(;,(,"2) > K’;:éa) for 0 < z < z, in both cases where

U’ (0) = oo and where U'(0) < 0.

4. SOME EXAMPLES OF HARA UTILITY CLASS

In this section, we illustrate HARA utility class as examples. In calcu-
lations in this section, often used the relations are:

r—[0— k1 -7 —p
ApF Ao =———, A= —, =
+ 1 + P+pP -
and
r— B - -5
N+ +n-= o NN- =, Vgl = —
K9 K2

4.1. CRRA utility case: U’(0) = oo
When the utility function is given by

with 0 < v # 1, U'(¢) = ¢~ 7. Hence U’(0) = co. As mentioned in section
2, (6) (or (14)) is equivalent to K3 > 0, and (10) (or (15)) is equivalent to
Ky > 0.

For B > 0, by calculation, (17) and (18) become

X(¢; B) = Be™ " + Xo(c) (45)
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for ¢ > 0, where Xo(c) = 7-c. Hence Cy(z) = Ky, for x > 0. For A >0,
by calculating, (19) and (203 become

J(e; A) = AP~ + Jo(c) (46)
for ¢ > 0, where
1
Jo(c) = ———c'77 47
0( ) (1 _ 'Y)Kl ( )

Hence, if the investment opportunity set consists constantly of the one
riskless asset and the first m risky assets, the value function becomes

Vin(@) = Jo(Co(x)) = fj;xl—w (48)

for z > 0, and an optimal strategy given by (22) becomes

1
o =Kxy, = ;(d —rl,)s ! (49)

m )

for t > 0. By calculation, (23) becomes

1

Xman(c) = Ec

for ¢ > 0, hence Chyqn(x) = Kox for > 0, and (24) becomes

1

1—~
—c .
(1=K

Jm+n (C) =

Hence, when the investment opportunity set consists constantly of all the
m +n + 1 assets the value function becomes

K7
Vm+n(x) = Jm+n(Cm+n(x)) = 1 i’}/xl vy (50)

for z > 0, and an optimal strategy given by (26) becomes
1 —1
e = Koxy, m=—(a—1lpin)X ", (51)
Y

for ¢ > 0. By (48) and (50), The inequality (16) is equivalent to the
condition

K1 < Ka. (52)
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Recall that C(-, B) is the inverse function of X (-, B). With a B > 0, whose
determination is shown generally in Appendix A.1, the value function (27)
in Theorem 1 becomes

P JA

V*(x) = J(C(x;B); pa Z=B)
A- 5 2))—VP- 1 - B
= B B+ e (Cw BT, (59

and the optimal policy in Theorem 1 is given by

A V()
= C(xy, B), = —*-_8
Ct (xt ) Tt —l'tV*N(xt)
1 —oa 1
= B RAG E— 4
SCt( A + cht)S (54)
for 0 <t < T, and
Vingn (@)
— K = manl® g et
Ct 2Ty, T eV () (0 —11pin)
1
= —(a@—71lyn)0 ! (55)
Y

fort > 1T,.

Figure 1 compares consumption rate in the case where the investment
opportunity set consists constantly of one riskless asset and one risky asset
with one in the case where the investor can invest in only these assets before
her wealth level touching z = 1, however, she can invest in another risky
asset once her wealth level touches z = 1. As is shown in the figure, the
investor consume less before touching the critical wealth level in the latter
case than in the former case, illustrating the inequality (42) in Proposition
1.

Figure 2 compares total investments in the risky assets in the two cases.
As is shown in the figure, the investor invests more in the risky assets before
touching the critical wealth level in the latter case than in the former case,
illustrating the inequality in Proposition 2.

Consider the case when utility function is given by

U(c) =loge,

for ¢ > 0. In this case, U'(c) = 2 so that U’(0) = co. As mentioned in
section 2, (6) (or (14)) and (10) (or (15)) are automatically satisfied. We
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have for B >0,
X(¢; B) = Be™ 4+ Xo(c)

for ¢ > 0, where

Hence

for z > 0. For A > 0, we have

J(e; A) = AP~ + Jo(c)

s
1

441

-
—
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for ¢ > 0, where

Jo(c) = ﬂ10g0+g21+7'*ﬂ.

Hence, if the investment opportunity set consists constantly of the one
riskless asset and the first m risky assets, the value function becomes

(58)

_ PlogBr+rK1+1r—0

for z > 0, and an optimal strategy given by (22) becomes
¢t = PBry, 7= (a—rly,)S,;}, (60)

for t > 0. We get X,,1n(c) = %c for ¢ > 0, and Cppypn(x) = B for x > 0.
We have

_ Blogc+ra+r—0

= 7 .

Thus, when the investment opportunity set consists constantly of all the
m +n + 1 assets the value function becomes

Jm+n(c)

_ PlogBr+ra+1r—p3

Vinin(2) = Jmin(Crgn(2)) 32 (61)
for > 0, and an optimal strategy given by (26) becomes
e = Py, m=(a-— T1m+n)2_17 (62)

for ¢ > 0. By (59) and (61), The inequality (16) is equivalent to the
condition (52) in this case too.

Recall that C(-, B) is the inverse function of X (-, B). With a B > 0,
whose determination is shown generally in Appendix A.1, the value function
(27) in Theorem 1 becomes

V(@) = IOl B): =B

A 4 7+ﬂlogC(x;BS)+m+r—B

= “=B(C(x;B))~* , (63
"= B(C(: B) - (63)
and the optimal policy in Theorem 1 is given by
Ct — C(It,B),
*/ 1)\ B —A_
M= @) g ELZA)B (64)

—ZL'tV*//(l't) Tt
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for 0 <t <T,, and

Ct = ﬂxta
VAL—&-n(l’t) _ _
T = m(a — T1m+n)2 1= (Ol — T1m+n)2 1 (65)
fort > 1T,.

Figure 3 compares consumption rate in the case where the investment
opportunity set consists constantly of one riskless asset and one risky asset
with one in the case where the investor can invest in only these assets before
her wealth level touching z = 1, however, she can invest in another risky
asset once her wealth level touches z = 1. As is shown in the figure, the
investor consume less before touching the critical wealth level in the latter
case than in the former case, illustrating the inequality (42) in Proposition
1.

FIG. 3. Comparison of consumption rates with U(c) = log c.

0.1 T T T T T T T T
dotted line: the case where the investment opportunity set consists

constantly of one riskless asset and one risky asset
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Figure 4 compares total investments in the risky assets in the two cases.
As is shown in the figure, the investor invests more in the risky assets before
touching the critical wealth level in the latter case than in the former case,
illustrating the inequality in Proposition 2.

In Figure 1 and Figure 3, we can observe that the consumption rates
have jumps at time T in the case when the critical wealth level exists. We
state the following lemma whose proof is given in Appendix B.1.

LEMMA 1. When the utility function is given by U(c) = 611;:, c >0,
or U(c) = loge, ¢ > 0, the optimal consumption process has a jump of

positive size at time T, .
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FIG. 4. Comparison of investments in the risky assets with U(c) = logec.
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4.2. CARA utility class: U’(0) < oo
When the utility function is given by

U(c) = — exp (—ac),

where a > 0 is the absolute risk aversion coefficient, U’(¢) = aexp (—ac)
so that U’(0) = a < co. As mentioned in section 2, (6) (or (14)) and (10)
(or (15)) are automatically satisfied. I(-) : (0,00) — [0, 00) becomes

e T (66)
(30) and (31) by calculation become
X(y; B) = By’ + X(y), (67)
where
xo) = 1 o (@ ) - 1
=

e Oy e P @A)

and (32) and (33) become

Iy A) = Ay~ + Toly), (68)
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_ UlW) Yy exp (@ _
Joly) = —5 (o = p s P (@A) = 1]

Y-
+ exp (aA_1(y)).
KIA-p—(p4 — p-)ar~ ( )

Hence, if the investment opportunity set consists constantly of the one
riskless asset and the first m risky assets the value function becomes

Vin(z) = Jo(Vo(z))

L UUG@) Qb)) o o)) —
B B k1A p+(pg — p-)ar+ [exp (aA+ T (2))) — 1]
(Vo(x))P- exp (ar_I(Vo(z))) (69)

KiA—p—(py — p-)ar-

for z > 0. Similarly to (B.9) in Appendix B, V,) (x) = Yo(x), hence an
optimal strategy given by (35) becomes

e = 1(Yo(zt))

1 a
_ 2 log Volar)’ Ty > XO(a)a (70)
O, Ty < Xo(a)- ’
I
z = Vo) X (Vo (1)) (@ —rly,)s;t, (71)
—Xt
for t > 0.
Similarly, we get
I(y) yr
Xopin(y) = _ exp (an+1I(y)) — 1
+n(y) r ko3 (g —m-)av+ oxp (an 1) =
Y-

e e O @-1)),

and we have

Ul v o (e ()
Tminly) = —5 v (v = yars P (an1(y) = 1]
yl/_
kon—v_(vy —v_)a

o~ exp (an-I(y)).
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Hence, if the investment opportunity set consists constantly of all the
m +n + 1 assets, then the value function becomes

Vinin (@) = Tmin(Vman())
_ UIGmia())
B
— Ol oy (s I Qi) ~ 1)
Ko vy (Vg — v )a’+
(YVmn ()"~

Kon_v_(vy —v_)a?

— €xp (a'r]—I(ym-i-n(m)))? (72)

for > 0. Similarly to (B.9) in Appendix B, V,, . (%) = Vpmn(x), hence
an optimal strategy given by (38) becomes

Ct = I(ym+n($t))

_ [algy ey w2 nnla), (73)
07 Tt < XM+TL(G)'
m-rn X/ m-n
oy = Y + (xt) m+n(y + (zt)) (a . Tlm—&-n)z}ila (74)

—7
for t > 0.

Remark 4.1.  The value functions (69), (72), and the strategies (70),
(71), (73), (74) are different from those in Merton [7] since Merton [7] does
not consider the nonnegative wealth constraint (2). In particular, the dollar
amount of optimal investment in risky stocks is not constant for an investor
with a CARA utility function if the nonnegative wealth constraint (2) is
imposed. (See Karatzas, Lehoczky, Sethi and Shreve [2].)

With a B > 0, whose determination is shown generally in Appendix B,
the value function (39) in Theorem 2 becomes

V() = J(y(m;B);;\—:B)
= %B(J}(m;é))“ +
U(I(Y(x; B))) B (V(z; B))P+ . .
' p K1ALp+(p4 — p-)ar+ [exp (ads I(P(w; B))) — 1]
(Y(x; B))*-

RiA_p_(ps — p_)ar- P (aA_I(Y(x; B))).
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By (B.9) in Appendix B, the optimal policy in Theorem 2 is given by
following: For 0 <t < T,

e = I(Y(z; B))

1 a__ > s
_ ) alossgmy m2 *(a: B)), ’ (75)
07 Tt < X(a’v B)
B)x’ :B); B
ﬁ’t _ y(l’t, ) (y(xtv )7 )(& _ rlm)zr—nl’ (76)
—xy
and for t > T3,
¢t = I(Vmin(ws))
_ %IOg ma e > Xpynl(a), (77)
0, =< Xm+n(a)' ’
ym n (T Xyln n y’m n\L _
Ty = + ( t) + ( * ( t)) (a—rlm_m)E 1. (78)

—xt

Figure 5 compares consumption rate in the case where the investment
opportunity set consists constantly of one riskless asset and one risky asset
with one in the case where the investor can invest in only these assets
before her wealth level touching z = 3, however, she can invest in another
risky asset once her wealth level touches z = 3. As is shown in the figure,
during x; < AH(U’(0)) ~ 1.3, the consumption rates are equal to zero
in both cases, however, the investor’s consumption rates are still equal
to zero until zy = z = 3 in the latter case while far away from zero for
Xo(U'(0)) =~ 1.3 < 2y < z = 3 in the former case, illustrating the equality
(43) and the inequality (44) in Proposition 1.

Figure 6 compares investments in the risky assets in the two cases. As
is shown in the figure, the investor invests more in the risky assets before
touching the critical wealth level in the latter case than in the former case,
illustrating the inequality in Proposition 2.

5. CONCLUSION

We have studied a consumption and investment problem of an investor
who expects a better investment opportunity when she becomes rich enough,
that is, when her wealth level touches a critical level. We provide a closed
form solution to the problem when she has a general time-separable von
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FIG. 5. Comparison of consumption rates with U(c) = — exp(—ac).
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Neumann-Morgenstern utility function, and show that she consumes less
and takes more risk in risky assets in order to reach the critical wealth
level early enough. We illustrate the optimal policies by using a constant
relative risk aversion as well as a constant absolute risk aversion utility
functions. We also show that optimal consumption jumps to a higher level
when the wealth touches the critical level under the constant relative risk
aversion utility functions.
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APPENDIX A

We prove all the assertions and statements in Section 3 and Lemma 1 in
Section 4.1. The HJB equation for 0 < t < T, is given by

BV (z) = max {(&—rly,)7 aV'(z) + (rz — c)V'(z)

c>0,7

+ %ﬁZmﬁTxQV”(a:) +U(e)}, (A1)

forO<z<z.

A.1. SOLVING THE PROBLEM WHEN U’(0) = oo

We first consider the case when U’(0) = oo in Section 3. Fix B > 0 and
let

X(c) EX(C;B),

where X (-; B) is defined as in (17) in section 3. We have the following
lemma.

LEMMA 2. IfU'(0) = oo, then

Ul _
e Ty =9 (4.2)
. / >\+ ¢ de _
i@ [ gy =0 (43)
and
R .
L .

Proof. When U(0) is finite, (A.2) trivially holds. When U(0) = —oo,

limsup, |, % <0.Foreverye>0and0<c<e U(c) > U(e)=U'(c)(e—

¢). Therefore,

. ..U .., U(e
>
M T = MR e

—€e+c¢)=—e

Since € > 0 is arbitrary,

lim inf
cl0
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Hence (A.2) holds.
Since

0 < hm mf

/0
< limsup(U / —_—
clo 0 A+

0 [ @

< limsup(U
cl0

= limsupc
cl0

= 0,

(A.3) holds. Finally, since, for every € > 0,

0 < liminf(U’(c)))“/C (U,da

cl0 (9))/\7

. / A OOL
< hrrcllsoup(U (c) / U (6)™-

s [ (LD g timsup@ @ [ 2
< hn;foup/c (U’(G))A d9+hHifOup(U () /5 (U (9))*-
< limisoup(efC)

(A.4) holds. 1
By (A.3) and (A.4), we have

X(0) Elcifng(c) =0

if U’(0) = oo. Similarly to (6.11) of Karatzas, Lehoczky, Sethi, and Shreve
[2], limegoo X (c) = 0o. Using the relation Ap A = —., we have

X'(c) = A_BU ()*"1U"(c)
U (c) Hen At ¢ do -t o do
e ool [ 0or [ )

Since U(-) is strictly concave, X’(¢) > 0 for all ¢ > 0. Hence X(-) is
strictly increasing and maps [0, 00) onto itself so that the inverse function
of it, C(-) = C(-, B), exists and is also strictly increasing and maps [0, c0)
onto itself as stated in Section 3.
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Put
F(©) = 200 - U0
1 oyee [C 0
v GC)G M S
+ p—-Vintn(2). (A.5)

Then, by Lemma 2,

lclﬂ)l F(c) = oo.

Using the inequality (16) in Section 2, and (21) in Section 3,

FiCo() = 220y - Luic)

1 , . (% de
s S UCE [ s
— AU (Co(2) + Vi)
< 20y, - Lwcne)

1 , o [COP db
s S UCE [ s
— 22U (Co(2)) + p—Vin(2)
- =80 cye) - L)

1 , o [COP db
s S [ s

— A_zU'(Co(2)) + p—Jo(Co(2))
= 0,
where Cy(+) = C(+;0) is the inverse function of Xo(-) = X(+;0) as defined

in Section 3. Hence, by the intermediate value theorem, there exists 0 <
d < Cy(z) such that

F(d)=0. (A.6)
Choose B so that
X(d)=X(d;B) = z, (A7)
z — Xo(d)

B:W@Wj (A.8)
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Then, since Xy(-) is an increasing function,
Xo(d) < Xo(Co(2)) = =

so that B > 0 as required.

From now on, we proceed with this B in this section.

Define
A~
V(z) = J(C(z); p—B) (A.9)
for x > 0, where J(; 2—:3) is defined as in (19) in Section 3 and C(-) =
C(-; B), then we have the following lemma.

LEMMA 3. V(z) defined by (A.9) is strictly increasing, strictly concave
and satisfies the HIB equation (A.0) for 0 = X(0) < x < X(d) = z.

Proof. By calculation, we have

J/(C(x); 5= B)

Vi(z) = —X,(C(;)’) (A.10)
= U'(C(x)) (A.11)
>0, >0, (A.12)
and
V' z) = U"(C(z))C' () (A.13)
<0, z>0. (A.14)

Thus, V(+) is strictly increasing and strictly concave.
Hence applying this V (+) in the HJB equation (A.0) and maximizing over
investment ratios in risky assets gives
V'(z)

- ~ —1
7= T”(m)(a —rl,)3 .

Hence the HIB equation (A.0) becomes

BV (z) = —m(VV//EZ;))) + I?Zaéc{(rx —)V'(x) +U(c)}. (A.15)
By (A.11)and (A.13), (A.15) takes the form
BV () = —y LCONIXC@) | o W) +U(C)) (A6)

Ur(C(x))
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for 0 < z < z, which is equivalent to

A . / 2X/
8(c; 2= B) = i DX | ox() — i) 4 U0) (A7)
p— U”(c)
for 0 < ¢ < d. By calculation and using the relation p;p_ = —Nﬁ (A.17)

can be shown to hold. Hence V(-) satisfies the HJB equation (A(l)) |
By (A.7), we have

li%n C(z) =C(z) =d, (A.18)
so that
A -
li%n Vix) = J(d; p—B) (A.19)

By (A.6), (A.7) and definition of X(-), we have

A_d p—
Vinan(z) = ——U'(d) + =—U(d
) = ~SEU) + FU ()
1 “de Az
- ———(U'(d p*/ + U'(d
vapep O ey T,V
A_d p—
= —-—U'(d)+-=——U(d
o )+ 3 . (d)
1 S A_X(d)
- ————({U'(d ”*/ + U'(d
o e e U
A~
= J(d;—B).
(¢: 2= )
Hence by (A.19), we get
li%n V(z) = Vipan(2). (A.20)
Similarly to Lemma 8.7 of [2], we have
. U(0)
limV(z) = —. A21
lin (2) 5 (A.21)
Let zg be a given initial wealth with 0 < 2y < z and consider the strategy
V' (i)
= = A.22
Ct C(It)7 T —.I'tV//(LUt) ( )

for0<t<TyAT,.
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Using (A.11) and (A.13), similarly to the equation (7.4) in Karatzas,
Lehoczky, Sethi, and Shreve [2], the stochastic differential equation for
{e: = C(x4),0 <t < Ty AT,} becomes

dy; = —(r — B)ysdt — y,SDdw™ (t),
where y; = U'(¢;). Hence
U'(et) =y; = U'(co) exp|—(r — B+ k1)t — SDwT(t)], 0<t<TyAT,,
so that we get
e = I(U'(co) exp[—(r — B+ k1)t — SDWL(1)]), 0<t<TyAT..
Therefore, if U'(0) = oo, then
To=inf{t>0:2, =0} =inf{t >0:¢, =0} =inf{t > 0:y; = 00} = 0, a.s.
(A.23)

Hence, if an investor use control (A.22) with initial wealth 0 < 2 = z < z,
then

ToNT, =T,. (A.24)
That is, bankruptcy does not occur before his wealth level touches z.

Now consider the strategy (c,7) in Theorem 1 in Section 3 with V re-
placing V*.

For 0 < ¢g < d (or equivalently 0 < = < z), let

H(co) = Vie.n)(20) = Eu| / " exp(—BOU (co)dt + exp(—BT2) Vinn ()],

(A.25)
where the equality comes from strong Markov property and (A.24). Using
H(co) < Vipan(o), then similarly to Karatzas, Lehoczky, Sethi, and Shreve
[2] H(c) is well defined and finite for all ¢ with 0 < ¢ < d. Define

7.
G(yo) = H(I(yo)) = Ex, [/0 exp(=BU(I(y))dt + exp(=PT:) Vinin(2)]

for U'(d) < yo < U’(0) = oo where {y;,0 <t <T.,} is given by above with
yo = U’ (¢op). By Theorem 13.16 of Dynkin [1](Feynman-Kac formula), G is
C? on (U'(d),00) and satisfies

BG(y) = —(r — ByG'(y) + k1y*G" (y) + U(I(y)) (A.26)
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for U'(d) < yo < oo with limy|yr gy G(y) = Viin(2). Hence H is C? on
(0,d) and satisfies

U
U”(C)

U/(C) U///(C)
U"(e))?

U)o 4 1
G ) +U(e)

(A.27)
for 0 < ¢ < d with lim.jg H(¢) = Vingn(2). The general solution to the
above equation (A.27) is

BH(c) =

[r =B+ JH () + ka (

AU ()P + I (e A)
for 0 < ¢ < d. Hence for 0 < ¢ < d,
H(c) = AU ()" + J (¢ A)
for some A and A such that

limy H(c) = AQU'(d)" + J(ds A) = Vi (2) (A.28)

Similarly to Theorem 8.8 of Karatzas, Lehoczky, Sethi, and Shreve [2], it
is shown that A = 0 when U’(0) = oo so that for 0 < ¢ < d,

for some A such that

lim H () = J(d; A) = Vinn(2). (A.29)

Using (A.6), (A.7) and (A.29), we get A = 2—:3 so that
V(z) = H(C(x)). (A.30)
Now we prove Theorem 1 in Section 3.
Proof of Theorem 1

We first consider the case in which U(0) is finite. Given any admissible
strategy (c, ), Vic,r) () is greater than or equal to YO for all z > 0. How-
ever it is less than or equal to the optimal value at x when the investment
opportunity set consists constantly of all the m + n + 1 assets, which is

finite (see Karatzas, Lehoczky, Sethi, and Shreve [2]). Hence V(¢ () is
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finite for all x > 0. Now fix 0 < z < z. By the strong Markovian property,

EI/O exp (—=0t)U(ey)dt = EI[/O exp (—0t)U(cy)dt

+1{1,<7.} exp (—BTo) Uéﬂ)

+1{TO>TZ} exXp (_5TZ)V(C,7T) (Z)]

Choose 0 < & < x < &3 < zand define S, = inf {t > 0: fot s Xnlds = n}.
From the fact that V(x) defined by (A.9) satisfies the HJB equation (A.0)
and using the Ito’s rule, we get

T§1 /\ng/\Sn
E, / exp (—Bt)U(cy)dt
0

IN

Te, ATey NS
Bl / P exp (BB ()

— (@ = rLy)T 2V (@) — (ree — )V ()
1. -
-5 Sy w2V ()] dt]

T€1 /\Téz ASn
_ B /0 [—d(exp (~B0)V (1))

+ exp (—=ft)x V' (z)m Ddw? (1)]]
= —Eyexp(—fB(Te, NTey, NSy))V(2(Te, NTe, A Sy)) + V(2).

Hence

Tﬁl/\T52/\Sn
V(z) > B, / exp (—A0U (c1)dt
0
+ Epexp (=0T, ATy ANSp))V(x(Te, ANTey, ASy)).

Letting & | 0,62 T 2,n — oo, we have Tg, AT, NS, — Ty AT,. By the
monotone convergence theorem and Fatou’s lemma, we get

ToNT,
V@) 2 Bl ew (U
0
+ Lp<r.y exp (=FT0)V(0+) + Ly sty exp (=6T:)V (2 )]
By (A.20) and (A.21), we have

ToAT,
Viz) > ET[/O exp (—0t)U (c¢;)dt

U(0)
B

+ L¢r <.y exp (—BTo) + Linys1.y €xp (—B8T%) Vinn(2)]-
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Since Vi, 4n(+) is the value function when the investment opportunity set
consists constantly of all the m + n + 1 assets, we have

Vern(Z) 2 ‘/(c,ﬂ) (Z)
Therefore we have

U(o)

ToNT,
Viz) > Em[/ exp (—Bt)U(ct)dt + 1ir, <1,y exp (—(T0)
0
+ 1{T0>Tz} eXp (_ﬁTz)V(c,Tr) (Z)]

o /OOO exp (—B)U (c0)dt.

Since (c, ) is an arbitrary admissible strategy, we have
V(z) 2 V*(z),

where V*(-) is the optimal value function as defined in (4) in Section 2.
However, by (A.30) we have

V(z) = H(C(z)) < V*(x)

Hence V() = V*(z), that is, V(x) is the value function for 0 < z < z and
an optimal policy is given as in Theorem 1 in Section 3.

When U(0) = —oo, by the corollary 10.3 of Karatzas, Lehoczky, Sethi,
and Shreve [2] we can replace the admissible set by the set whose elements
are contained in the original admissible set and the the expected total
reward of them are finite. Thus we may assume that the expected total
rewards of controls of the admissible set are finite and bankruptcy does not
occur under admissible policies. Hence for any admissible strategy (c, ),

o) T,
Ez/ exp (—ft)U(cy)dt = Ez[/ exp (—0t)U(cy)dt+exp (—0T,) Ve, (2)]
0 0
Similarly to the case that U(0) is finite, the conclusion holds. |

Similarly to (A.11),

Vinin (@) = U (Crngn (1)) (A.31)

By (A.11) and (A.13), and (A.31), the optimal vector of ratios of wealth
invested in the risky assets can be rewritten as

_ U(Cz)) X' (C ()

Tt —xtUN(C(QL't) S (A32)
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for 0 <t <T,, and

v’ (Cm-i-n (xt))Xr/n-i-n (Cm-i-n (xt ))

D o) S (A

Ty =
fort > T,.

Now the inequality (42) in Proposition 1 and Proposition 2 in Section 3
when U’(0) = oo can be proved.

Proof of Proposition 1 when U’(0) = 0o

When the investment opportunity set consists constantly of the one risk-
less asset and the first m risky assets for all levels of wealth, the function
from consumption to wealth in her optimal behavior is Xy(-) as in (22)
in Section 3. Since B is larger than zero, X(c¢) > Xy(c) for all ¢ > 0.
Hence their inverse functions(from wealth to consumption) have the re-
lation C(z) < Cy(x) for all & > 0 since X(-) and Xy(-) are increasing
functions. |
Proof of Proposition 2 when U’(0) = oo

By (A.32), the investor’s optimal vector of investments in the risky assets
at time t < T, is
U'(C(x)) X' (C(a1))

UnCa))

TtTy = —

Similarly to (A.11),
Vin(x) = U'(Co(2)).

Hence when the investment opportunity set consists constantly of the one
riskless asset and the first m risky assets for all levels of wealth, the in-
vestor’s optimal vector of investments in the risky assets at time ¢ is

_U'(Co(w)) X (Col))
U"(Co(xt))

(@ —7r1,)%

as mentioned in (22) in Section 3 using V! (z) = U’'(Cy(x)) . Some calcu-
lation gives

U'(C(x) X" (C(x) _ Clz) 1, N
and
_U'(Co(2))X(Co(x) . Co(®) 1, s @ gp
U"(Co()) =-2{ — + - (U'(Co(@))) /O (U’(G))“}



A WEALTH-DEPENDENT INVESTMENT OPPORTUNITY SET 459

By differentiation it is easily checked that —A_{z—<+1(U’(c))* [ ﬁ}

is a decreasing function of ¢. Since C(x) < Cp(z),

_U(C(2))X'(C(z)) S ~U(Co(2)) X (Co(x)) >0
U"(C(z)) U"(Co(x)) .

Hence the investor invests more in the risky assets when there is such a
critical wealth level compared to the case when the investment opportunity
set consists constantly of the one riskless asset and the first m risky assets
for all levels of wealth. |

APPENDIX B
We now consider the case when U’(0) is finite so that U(0) is also finite.
Recall
1:(0,U"(0)] = [0,00)

which is the inverse of U’. We extended I by setting I = 0 on [U’(0), c0).
If V is C?2, strictly increasing, and strictly concave, then the HJB equation
(A.0) becomes

BV (z) = —mm +re —I(V'(2)]V'(z) + UI(V'(2))), (B.1)

for z > & > 0. For ¢ > 0, we have ¢ = I(U’(c)), hence for B >0, A >0,

X(U'(c); B) = X(¢; B),

and

J(U'(c); A) = J(c A),
where X(; B), J(; A), X(-; B) and J(-; A) are defined as in (30), (32), (17)
and (19), respectively in Section 3. For y > 0 and y # U’(0), using the
relation Ay A = —-=, we get

X'(y) = Ba_y"1

I S VY SR A [ do
k1(Ap — AD) ly /0 @@y Y /I(y> (U'("))A]

< 0.
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Hence X(+; é) is strictly decreasing. Furthermore,

lim X(y; B) = liTrn X(U'(c); B)

yl0
— liTmX(c;B)
=
and
A X 1 - [ df
lim X(y; B) = lim[By» - —————— 2 (U (6))
ler;lo (y; B) lelglo[ Y k1 Ay — M) )\7/0 (U/(e))x,]

= 0.

Therefore X(-; B) maps (0,00) onto (0,00) and has the inverse function
Y(;B) : (0,00) — (0,00) as stated in Section 3. Put

1 e
P+ —— — A_yz
r B Feps /0 (@)™ !

o(y) = 1) - o) +

Then since, for sufficiently large v,

B(y) = —%U(O) Yzt pVimgn(2),

we have

lim ®(y) = co.

Yy—00

By the inequality (16) in Section 2 and (34) in Section 3, we get

®(Mo(2)) = %‘)(Z)I(yo(z)) - %‘U(J(yo(z)))
1 . I(Vo(2)) do
+ m()’o(zn A W - Afyo(z)z + p,Vm+n(z)
< 222E 101 - ZUUE))
1 o4 1(Y¢=) L B . . .
+ ,‘<L1)\+p+ (yo(z)) /0 (U/(e)))+ A—yo( )XO(yO( ))+p_Vm( )
= 228 13,2 - LU O0()
1 oy [TV dg
o o [ e S A @00 + o)

:0,
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where Yy (+) = Y(+;0) is the inverse function of Xy(-) = X(+;0) as defined in
Section 3. Hence, by the intermediate value theorem, there exists § > Vo (2)
such that

d(g) =0. (B.3)
Choose B so that

X(4;B) =z (B.4)
holds with this ¢, that is, B = %‘i@) Then, since Xy(-) is a strictly
decreasing function,

Xo(9) < X (Vo(2)) = 2,

so that B > 0 as required.
From now on, we proceed with this B in this section.
Define
. WA
V(x) =T (V(x; B); . ) (B.5)
for x > 0.

LEMMA 4. The function V defined by (B.5) is strictly increasing, strictly
concave, satisfies the HIB equation (A.0) for 0 < z < z,

lim V(z) = Ug)) (B.6)

and
V() = Vonsn(2) (B.7)

Proof. By calculation, we have

= Y(z;B) (B.9)
>0, x>0, (B.10)

and
V' (z) = V'(x;B) (B.11)
= ; (B.12)

< 0, z>0. (B.13)
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Thus, V() is strictly increasing and strictly concave. By (B.9) and (B.12),
the right side of (B.1) applying this V(-) becomes

— 51V B)*X'(Y(x, B), B) A )
+ [rXO(: B); B) = V(a3 B))YV (3 B) + UU (Y (x: B))),

which, by calculation and using the relation p p_ = —£ equals to

BT (V(x; B): 2—:3) = BV(z), the left side of (B.1) applying V(-). Hence
V(-) satisfies the HIJB equation (B.1) ( or equivalently (A.0)).

limV(z) = lim J(y; )\;B)

z]0 yToo p—
_ U(0) 1 yP- /°° de
= lim[— By’ + — —
yloo p_ B kilpy —p-) p- Jo (U’(t‘)))A*]
_ U@
B
Thus (B.6) holds. By (B.3), (B.4), and by calculation, we have
G, UU(G)
Vinin(2) = ——=I(9) +
) = =221 + =5
1(9) )
_ 1 AP+/ ! dg — 4+ )\,yz
K1A4 P4 p— 0 (@) P
AG oo UU®)
s () 3
1 /“y) do A .
— P+ + X (), B
o Sy ey o YR
A~
= Jy;,—B
(3:°-B)
AL .
= J(y(Z;B);pr)
= limV(z)
zTz
Hence (B.7) holds. |
Let x¢ be a given initial wealth with 0 < z¢ < z and let
V' (x)
Ct = I(V’(Z‘t)),ﬂ't = W (B14)

for 0 <t < Ty ATy, where V(-) is given by (B.5). We set

Y; = V/(mt),
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hence Yy = V().

Similarly to Lemma 13.2 in Karatzas, Lehoczky, Sethi, and Shreve [2],
the stochastic process {Y;,0 <t < Ty AT} satisfies

dY; = —(r — B)Yidt — YV;,SDdw (t),

so that
Y; = Yy exp[—(r — B+ w1)t — SDw? (t)].

Since Y; = Y(z; B) by (B.9), we have

T() = 1nf{t20$t=0}
inf{t > 0: Y(z;; B = oo}
= inf{t >0:Y; = o0}

= OQ.

Hence
ToNT, =1T,. (B.15)

Therefore, bankruptcy does not occur before the investor’s wealth level
touching z if she use the strategy (B.14).

Now consider the strategy (c,7) in Theorem 2 in Section 3 with V) re-
placing V*.

For 0 < zp < z (or equivalently Yy > ¢), let

H(YO) = ‘/(C,ﬂ') (IO)

Bl / " exp (—BOU(I(Y2))dt + exp (—BT=)Vnsn(2)], (B.16)

where the equality comes from the strong Markov property and (B.15).
Since U(0) is finite and H(Yy) < Vipsn (o), H(y) is well defined and finite
for all y > ¢. According to Theorem(13.16) of Dynkin [1], H given by
(B.16) is C? on (7, 00), satisfies (A.26) on this interval and

mH(y) = Vingn(2).
ylg

The general solution to (A.26) is

J(y; A) + AyP+.
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Hence for y > 3,

H(y) = T (y; A) + Ay”*
for some A and A such that

im H(y) = J(§; A) + AGP+ = Vingn(2)

yly

By (B.16), H is bounded above on [g, 00). However, since by (B.6)

: iy U
;lTrgloJ(y,A)f 3

which is finite, we must have
A<O0,
for otherwise lim, 4 H(y) = oco. If y* > Y, > ¢ is given, we can select Ay

so that J(g; Ao) = Viman(2). Using Itd’s rule and the fact that J(-; Ao)
satisfies the equation (A.26), we get

dlexp (—=B8t) T (Yy; Ag)] = —exp (=) [UI(V2))dt+Y: T (Ye; Ag)SDdw™ (t)).

Letting X (y*) = z*, then we have

T, ATy
T(Yo: Ag) = By / exp (—AOU(I(Y))dt

+1{TZ<TE*} exp (_ﬁTz)Vm+n('z)

+lr, 7,0y exp (=BT )T (y"; Ao)]- (B.17)
Since
U(0
lin 7 40) = 2,

J(y*; Ag) is bounded above for y* in a neighborhood of co. We have
U(I(Y:)) <U(I(3))

for t € [0,T, A T,~]. Hence letting y* — oo, Fatou’s lemma can be applied
to (B.17) to obtain

T,
T(Vo: Ag) < By / exp (— AU (I(Y2))dt + exp (—BT.) Vin-n (2)]

= H(Yy) = T (Yo; A) + AV,



A WEALTH-DEPENDENT INVESTMENT OPPORTUNITY SET 465

This inequality will fail for large Yy if A < 0 since limyjoo J(y; Ao) =
limyp oo j(y;fl) = @ and limyje, Ay?t = —o0 if A < 0. Hence A > 0.
As a result, A = 0. Hence

for some A such that J(§; A) = Vpin(2). Since

j(gaA) = Vm+n(z)7

lim X (y; B) = z
ylg
and
®(y) =0,
we have
A-2p
po

Hence we can prove Theorem 2 in Section 3 with V* = V replacing V*
by the same way as the proof of Theorem 1.

The equality (43) and the inequality (44) in Proposition 1 and Proposi-
tion 2 in Section 3 can be proved when U’(0) is finite too.

Proof of Proposition 1 when U’(0) is finite When the investment
opportunity set consists constantly of the one riskless asset and the first
m risky assets for all levels of wealth, the optimal consumption rate at
time ¢ equals to I(V/,(x;)), as mentioned in (35) in Section 3. Since B
is larger than zero, X (y; B) > Xy(y) for all y > 0. Hence their inverse
functions have the relation Y(z; B) > Yo(z) for all > 0 since X(-;B)
and X,(-) are decreasing functions. By (B.9), V'(z) = Y(z; B) and sim-
ilarly V! (z) = Yo(z). If z < Xo(U’(0)), then Y(x; B > Vo(x) > U'(0).
Therefore I(V'(z)) = I(V],(z)) = 0 for z < X(U'(0)) since I = 0 on
[U'(0),00). If X(U'(0)) < z < X(U'(0); B), then Yo(z) < U'(0) and
Y(x; B) > U'(0). Hence I(V,,(z)) > 0 and I(V'(z)) = 0 for X(U'(0)) <
z < X(U'(0); B) since I(y) > 0 for 0 < y < U'(0) and I = 0 on
[U7(0),00). If z > X (U’(0); B), then 0 < Yo(z) < Y(z; B) < U'(0). Hence
IV (z)) < I(V!,(x)) for > X(U'(0); B) since I(-) is strictly decreasing
for 0 <y < U'(0). 1
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Proof of Proposition 2 when U’(0) is finite As is shown in this section,
the investor’s optimal vector of investments in the risky assets at time ¢ is

V' (zt)

_V// (:I;t)
By calculation, it can be shown that

V/(xt) _ " )\; o ~
—V”(a?t) - Ay + r I(y( taB))

- I(Y(24;B)) do
. +
+ K/l)\Jr (y(xt5B)) A (U/(9)>)\+'

When the investment opportunity set consists constantly of the one riskless
asset and the first m risky assets for all levels of wealth, the investor’s
optimal vector of investments in the risky assets at time t is

Vi (we) -1
— (@ —rly,)X,,
—Vi(@e)

as mentioned in (35) in Section 3. Similarly to above, it can be shown that

Vin(@e) _ - 1 L [IouED) g
W - 7)\_xt+71(y0(xt))+E(yo(xt)) +/; W

By differentiation with respect to y it is easily checked that

A 1 ) ap
“A iy At 7
l‘t+ r (y)+ K/1>\+y /0\ (U’(@))A+

is a strictly increasing function of y. Hence, since Y(z; B) > Yo(z), we
have

V' (x4) Vo (x4)
V@) T Ve

B.1. CONSUMPTION JUMPS UNDER CRRA UTILITY
FUNCTION CLASS

In this section we prove Lemma 1 in Section 4.1.
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We first consider the case when the utility function is given by

cl=7

1—xv

U(e) =

with 0 < v # 1, U'(c) = ¢~7. Equation (A.5) becomes

Sl-h Ky
Fle)=———Fc77— )\zc"’—i—p, 277, B.1
(©) = (1- )Kl - B
We can calculate
lim F(¢) = limc*”(_l_iw\*c—)\ Z+ Qzl 7))
cl0 clo 1—9 p—
= QO’
and
—1—~9A_
F'(c) = c_l_V(Tfyc—&— YA_Z). (B.2)
1

Since 1+ 7)\ < 0 as mentioned in Section 2, F'(-) is strictly decreasing for

O<e< 11 1 K1z and strictly increasing for ¢ > 1+)\>\ K;z. Calculation
gives
= [(R)
F(Kiz)= —K — -1 . B.3
(2 = 2157 [(3) -] (B.3)

By (52) in Section 4.1, (8), and (12) in Section 2, if 0 < 7 < 1 then
K; > Ko >0 and if v > 1 then 0 < K7 < K3. Therefore we have

F(K;z) <0. (B.4)
Hence there exists a unique constant d such that

0<d< Kz (B.5)
and

F(d) = 0.

As is shown in Appendix A.1, the B is chosen so that X (d; B) = z. Simi-
larly to (B.4), we get

—1—~A_

P =K

(Ko — K1)K, 277 < 0. (B.6)
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Hence d is less than K5z so that
C(z:B) =d < Kyz = Cpyyn(2),

where the last equality comes from (51) in Section 4.1. Therefore consump-
tion jump occurs at time 7.

Consider the case when utility function is given by
U(c) =loge,

for ¢ > 0. (A.5) becomes

—B — Kapy —rpy P Az p-
F(e) = — —logec— — + —log B=z. B.7
= s 3 ot B0
We can calculate
lim F'(¢) =
lim F(c) = oo,
and
1 —p

Since %’ > 0, F(-) is strictly decreasing for 0 < ¢ < Zfﬁz and strictly

increasing for ¢ > 2—’ (Bz. Calculation gives

p+ (K2 — K1)
F(3z) = ———=5——= B.9
( ) K/lpa_ﬂ ( )
Since k1 < Ko as mentioned in Section 4.1, we have
F(Bz) < 0. (B.10)

Hence there exists a unique constant d such that
0<d<pz

and
F(d)=0.
As is shown in Appendix A.1, the B is chosen so that X (d; B) = z. Hence

C(z;B) =d < Bz = Coyn(2),



A WEALTH-DEPENDENT INVESTMENT OPPORTUNITY SET 469

where the last equality comes from (62) in Section 4.1. Therefore consump-
tion jump occurs at time T,. |
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